Abstract. In classical curve theory, the geometry of a curve in three dimensions is essentially characterized by their invariants, curvature and torsion. When they are given, the problem of finding a corresponding curve is known as 'solving natural equations'. Explicit solutions are known only for a handful of curve classes, including notably the plane curves and general helices.
Introduction
In classical three-dimensional curve theory, the geometry of a curve is essentially characterized by two scalar functions, curvature κ and torsion τ , which represent the rate of change of the tangent vector and the osculating plane, respectively. Given two continuous functions of one parameter, there is a space curve (unique up to rigid motion) for which the two functions are its curvature and torsion (parametrized by arc-length). The problem of finding this curve is known as solving natural or intrinsic equations and requires solving the Frenet (or an equivalent) system of differential equations (see [16] ; [6] ). One actually solves for the unit tangent and obtains the position vector by integration. Explicit solutions are known only for a handful of curve classes, including notably the plane curves (solved by Euler in 1736) and general helices.
Recall that general helices or slope lines are defined by the property that their tangent makes a constant angle with a fixed direction in every point. Their centrode, the momentary axis of motion, is fixed. Similarly, the principal normal vector of a slant helix makes a constant angle with a fixed direction and its centrode precesses about a fixed axis. The term was only recently coined ( [8] ) but such curves have appeared in the literature much earlier (e. g. [6] ; [2] : 180; [7] ). In particular, Salkowski studied slant helices with constant curvature ( [15] , [13] ) and Scofield derived closed-form arc-length parametrizations for curves of constant precession, slant helices with the speed of precession (and not just the angle) being constant ( [16] ). More recently, there has been considerable interest in the slant helix among curve geometers (e.g. [11] , [10] , [1] , [5] ).
The close relation between slant helix and general helix leads to the concept of the successor transformation of Frenet curves ( [12] ). Given a Frenet moving frame, we can construct a new Frenet frame in which the original tangent vector plays the role of principal normal. It turns out that general helices are the successor curves of plane curves, and slant helices are the successor curves of general helices. Curves of constant precession are the successor curves of circular helices, which in turn are the successor curves of plane circles. This transformation could be repeated indefinitely to give rise to new, yet unexplored classes of curves.
In this paper, the successor transformation of Frenet curves is introduced and its general form given. It is then applied to derive a generic characterization of the slant helix in terms of its curvature and torsion and an explicit arc-length parametrization of its unit tangent vector.
Basic Notions
This paper considers space curves in oriented three-dimensional euclidian space R 3 . Any regular curve can be represented by an arclength (or unit speed) parametrization x(s) with x ′ = T (e.g. [9] : 9). Throughout this paper, curves will be assumed to be regular and at least of differentiation order C 2 , the prime denotes differentiation by the arc length parameter s and T denotes the unit tangent vector.
A moving frame along a regular curve consists of its unit tangent T and two normal unit vector fields N 1 , N 2 together forming a positively oriented, orthonormal basis of R 3 attached to every point of the curve. Two moving frames are called equivalent if their tangential components are identical. Differentiation of a moving frame gives rise to a system of differential equations
with continuous coefficient functions k 1 , k 2 , k 3 arranged in a skew symmetric matrix (due to orthonormality). The special case k 2 ≡ 0 is known as the Frenet moving frame and k 3 ≡ 0 as the Bishop moving frame ( [4] ). In each case, the coefficient functions are sufficient to characterize the associated space curve up to a rigid motion. For the Frenet moving frame, the differential equations take the form of the Frenet equations
The Darboux vector D = τ T + κB represents the Frenet frame's angular momentum. Its direction determines the frame's momentary axis of motion (its centrode) and its length the angular speed, ω = √ κ 2 + τ 2 . The tuple F = (T, N, B, κ, τ ) is called a Frenet apparatus or Frenet system and the pair (κ, τ ) a Frenet development associated with the curve. Further, a Frenet apparatus or moving frame is called generic if it is stationary along any line segment (i. e. on any interval with vanishing curvature, the torsion also vanishes).
A curve is called a Frenet curve if it possesses a Frenet frame, and a generic Frenet curve if it has a generic Frenet frame. This definition differs from convention (e. g. [9] : 13) in that Frenet curves can have inflection points and even contain line segments and the Frenet frame cannot be assumed unique (cf. [17] , [14] , and [18] ). However, a generic Frenet apparatus is unique up to the sign of N, B, and κ. Note also that not every C 2 -curve has a Frenet frame but each has a family of Bishop frames ( [4] ).
The Successor Transformation
In this section, a transformation of Frenet moving frames is introduced that preserves the Frenet property. It is motivated by the observations that (1) any Frenet frame can be transformed into an equivalent Bishop frame, and (2) any Bishop system can be rearranged into a Frenet system. We first provide general formulae for equivalent moving frames, derive the Bishop transformation, and then derive the successor transformation.
Lemma 3.1 (Totality of Moving Frames). Let (T, N 1 , N 2 ) be a moving frame of a regular space curve in arclength parametrization. The totality of equivalent moving frames (T, N 1 , N 2 ) can be expressed as follows, depending on an arbitrary differentiable function ϕ:
The differential equation coefficients get transformed as follows:
Proof. The rotation matrix, denoted R 1 (ϕ), represents the subgroup of the special orthogonal group SO(3) that leaves the first (tangential) component of the moving frame unchanged. It is obvious that all eqivalent tangential moving frames can be expressed in this way. Denoting F = (T, N, B) t and the coefficient matrix 
is given as follows:
depending on a parameter ϕ 0 ∈ R. This conversion is called Bishop transformation.
Proof. The Bishop transformation is an application of lemma 3.1 with k 1 = κ, k 2 = 0, k 3 = τ , and k 3 = 0. N, B, κ, τ ) , the totality of successor systems F * = (T * , N * , B * , κ * , τ * ) is as follows:
depending on a parameter ϕ 0 ∈ R. The Darboux vector of F * is D * = κB.
Proof. Any normal component of a Bishop frame has a tangential derivative and thus is a tangent to a successor curve, and vice versa. Therefore, all successor frames can be obtained by applying the Bishop transformation (lemma 3.2) to any Frenet frame of the original curve and rearranging the resulting Bishop apparatus
. The family of successor curves is well-defined in that it does not depend on the choice of Frenet system of the original curve.
Remark 3.1. The inverse of the successor transformation may be denoted as predecessor transformation. Bilinski described it for the case κ > 0 ( [3] ) but it is not in general well-defined.
Corollary 3.1. If F is a periodic Frenet frame of a closed curve, then F * is also periodic iff the total torsion of F is a rational multiple of π. Note that for a closed curve c, c τ mod π is a curve invariant not depending on the choice of the Frenet frame ([18]: 15).
Characterization of the Slant Helix
In this section, the successor transformation is applied first to a generic plane curve and then to its successor helix to obtain a closed-form expression for the Frenet frame of the slant helix.
Obviously, a regular C 2 space curve lies on a plane if and only if it has a generic Frenet apparatus with constant binormal and vanishing torsion. Given a continuous function κ = κ(s) defined on an interval I ⊂ R. Let Ω (s) = κ(s)ds and
Then F P = (T P , N P , B P , κ, τ ≡ 0) is a generic Frenet apparatus of the plane curve with curvature κ.
We next turn to the general helix. A proper helix (excluding degenerate cases) makes a constant slope angle θ ∈ (0, π/2) with a fixed direction.
Theorem 4.1 (Frenet Apparatus of General Helix). A regular C
2 space curve is a general helix if and only if it is a successor curve of a plane curve (and not itself a plane curve). This is equivalent to it having a generic Frenet apparatus satisfying τ H = cot θ κ H .
Given continuous functions
is a generic Frenet apparatus of a general helix. Its tangent has constant slope θ, its binormal has constant slope π/2 − θ and its principal normal image lies on a great circle. Its centrode is fixed and it has angular speed κ.
Proof. Given a helix with unit tangent T and D 0 a unit vector so that T,
and therefore is a principal normal. This construction shows that every C 2 helix is a Frenet curve even when inflection points are present. N is a plane curve with plane normal D 0 and tangent N and by definition, the helix is its successor curve.
Applying the successor transformation (theorem 3.1) to F P with ϕ(s) = ϕ 0 = π/2 − θ gives κ H = sin θ κ and τ H = cos θ κ. The Darboux vector is κB P . T H makes constant angle θ with B P so the successor curve is indeed a helix. Every choice of θ ∈ (0, π/2) results in a distinct proper successor helix. F H is generic as τ H vanishes whenever κ H vanishes. Slant helices by definition are exactly the successor curves of proper general helices and a Frenet frame is obtained by applying the successor transformation. A parametrization of the unit tangent is now given. For convenience we'll denote m := cot θ, n := m/ √ 1 + m 2 = cos θ, n/m = sin θ.
Theorem 4.2 (Frenet Apparatus of Slant Helix).
A regular C 2 space curve is a slant helix if and only if it has a Frenet development satisfying
with a differentiable function ϕ(s) and m = cot θ = 0. Given such a Frenet development and let Ω (s) := ϕ(s)/n, λ 1 := 1−n, λ 2 := 1+n with n = cos θ. Then the tangent vector of the slant helix thus characterized can be parametrized as follows:
The slant helix is the successor curve of a helix with curvature κ H = ϕ ′ /m and torsion τ H = ϕ ′ . The regular arcs traced by T SH are spherical helices and the slant helix has a Darboux vector with constant slope π/2 − θ and speed of precession ω = κ H . Slant helices are generic.
Proof. The successor transformation of F H gives ϕ = ϕ 0 + m κ H and
The integration constant Ω 0 (omitted in theorem 4.1) can be set arbitrarily because it only effects a rotation of the frame of the helix. We set Ω 0 = ϕ 0 /n to get ϕ = n Ω . For the successor tangent, we have T SH = − cos ϕN H + sin ϕB H . Therefore
− cos nΩ cos Ω − n sin nΩ sin Ω − cos nΩ sin Ω + n sin nΩ cos Ω 
This expression is equivalent to the geodesic curvature of the spherical image of the principal normal ( [8] ).
2. Solving the differential equation ϕ ′ cos ϕ = mκ for ϕ yields cos ϕ dϕ = m κ ds ⇒ sin ϕ(s) = m κ ds. Similarly, cos ϕ(s) = −m τ ds. Thus the plane curve with total curvature and total torsion as coordinates is circular. Further, if ϕ mod 2π is a periodic function (and consequently the Frenet apparatus is periodic), then total curvature and total torsion over each period vanish.
3. Restricting ϕ to (−π/2, π/2), the torsion can be expressed as τ = κ tan ϕ = κ
Given an arbitrary curvature κ, a torsion function can be constructed to create a slant helix, provided that the domain of s is appropriately restricted. An interesting application is the construction of a Salkowski curve ( [13] , [1] ), a slant helix with constant curvature: κ S (s) ≡ 1, τ S (s) = ms √ 1 − m 2 s 2 , m = 0, s ∈ (−1/|m|, +1/|m|).
It follows sin ϕ = ms, ϕ = arcsin ms, cos ϕ = √ 1 − m 2 . The Salkowski curve is the successor curve of its unit tangent vector, which is a spherical helix and has the same arc length. Its curvatures are
4. The case ϕ ′ = const. characterizes the class of curves of constant precession ( [16] ) with natural equations κ CP = ω cos µs, τ CP = ω sin µs, ω, µ = 0.
The curve lies on a hyperboloid of one sheet, and it is closed if and only if cos θ = µ/ ω 2 + µ 2 is rational ( figure 2 in [16] ).
Curves of constant precession are exactly the successor curves of circular helices with curvature ω and torsion µ, which in turn are successor curves of circles. The Frenet frame of the circular helix has period L = 2π cos θ/µ and its total torsion per period is 2π cos θ. Thus the successor frame is periodic if and only if cos θ is rational (corollary 3.1) and in this case its total curvature and torsion both vanish.
The successor curve of a closed curve of constant precession again has a periodic Frenet apparatus. It is as yet unknown whether it is closed.
